Abstract. It is known that for every graph G there exists the smallest Helly graph H(G) into which G isometrically embeds (H(G) is called the injective hull of G) such that the hyperbolicity of H(G) is equal to the hyperbolicity of G. Motivated by this, we investigate structural properties of Helly graphs that govern their hyperbolicity and identify three isometric subgraphs of the King-grid as structural obstructions to a small hyperbolicity in Helly graphs.
Introduction
Recent empirical studies indicated that a large number of real-world networks, including Internet application networks, web networks, collaboration networks, social networks and biological networks, have small hyperbolicity [1, 2, 10, 24, 26, 30, 31, 35] . This motivates much research to understand the structure and characteristics of hyperbolic graphs [1, 3, 6, 7, 8, 11, 12, 16, 27, 36, 37] , as well as algorithmic implications of small hyperbolicity [8, 11, 12, 13, 14, 17, 20, 21, 28, 36] . One aims at developing approximation algorithms for certain optimization problems whose approximation factor depends only on the hyperbolicity of the input graph. To the date such approximation algorithms exist for radius and diameter [11] , minimum ball covering [14] , p-centers [20] , sparse additive spanners [13] , the Traveling Salesmen Problem [28] , to name a few, which all have an approximation ratio that depends only on the hyperbolicity of the input graph. For example, there is a linear time algorithm [11] that for any graph G finds a vertex v with eccentricity at most rad(G) + 5δ (almost the radius of G) and a pair of vertices u, v such that the distance between u and v is at most diam(G) − 2δ (almost the diameter of G), where δ is the hyperbolicity parameter of G.
In this paper, we are interested in understanding what structural properties of graphs govern their hyperbolicity and in identifying in graphs structural obstructions to a small hyperbolicity. It is a well-known fact that the treewidth of a graph G is always greater than or equal to the size of the largest square grid minor of G. Furthermore, in the other direction, the celebrated grid minor theorem by Robertson and Seymour [34] says that there exists a function f such that the treewidth is at most f (r) where r is the size of the largest square grid minor. To the date the best bound on f (r) is O(r 98+o (1) ): every graph of treewidth larger than f (r) contains an (r × r) grid as a minor [9] . Can similar "obstruction" results be proven for the hyperbolicity parameter?
We show in this paper that the thinness of metric intervals governs the hyperbolicity of a Helly graph and that three isometric subgraphs of the King-grid are the only obstructions to a small hyperbolicity in Helly graphs. Our interest in Helly graphs (the graphs in which disks satisfy the Helly property) stems from the following two facts. We formulate them in the context of graphs although they are true for any metric space. For every graph G there exists the smallest Helly graph H(G) into which G isometrically embeds; H(G) is called the injective hull of G [19, 23] . If G is a δ-hyperbolic graph, then H(G) is also δ-hyperbolic and every vertex of H(G) is within distance 2δ from some vertex of G [29] . Thus, from our main result for Helly graphs (see Theorem 3), one can state the following. Fig. 1 ) as an isometric subgraph. Thus, if the hyperbolicity of a Helly graph is large then it has a large square grid as an isometric subgraph.
Previously, it was known that the hyperbolicity of median graphs is controlled by the size of isometrically embedded square grids (see [4, 7] ), and recently [7] showed that the hyperbolicity of weakly modular graphs (a far reaching superclass of the Helly graphs) is controlled by the sizes of metric triangles and isometric square grids: if G is a weakly modular graph in which any metric triangle is of side at most µ and any isometric square grid contained in G is of side at most ν, then G is O(ν + µ)-hyperbolic. Recall that three vertices x, y, z of a graph form a metric triangle if for each vertex v ∈ {x, y, z}, any two shortest paths connecting it with the two other vertices from {w, y, z} have only v in common. Projecting this general result to Helly graphs (where µ ≤ 1) one gets only that every Helly graph with isometric grids of side at most ν is cν-hyperbolic with a constant c much larger than 1.
Injective hulls of graphs were recently used in [12] to prove a conjecture by Jonckheere et al. [25] that real-world networks with small hyperbolicity have a core congestion. It was shown [12] that any finite subset X of vertices in a locally finite δ-hyperbolic graph G admits a disk D(m, 4δ) centered at vertex m, which intercepts all shortest paths between at least one half of all pairs of vertices of X.
There has also been much related work on the characterization of δ-hyperbolic graphs via forbidden isometric subgraphs -particularly, when δ = 1 2 . Koolen and Moulton [27] provide such a characterization for 1 2 -hyperbolic bridged graphs via six forbidden isometric subgraphs. Bandelt and Chepoi [3] generalize these results to all 1 2 -hyperbolic graphs via the same forbidden isometric subgraphs and the property that all disks of G are convex. Additionally, Coudert and Ducoffe [16] prove that a graph is 1 2 -hyperbolic if and only if every graph power G i is C 4 -free for i ≥ 1, and one additional graph is C 4 -free. Brinkmann et al. [6] characterize 1 2 -hyperbolic chordal graphs via two forbidden isometric subgraphs. Wu and Zhang [37] prove that a 5-chordal graph is 1 2 -hyperbolic if and only if it does not contain six isometric subgraphs. Cohen et al. [15] prove that a biconnected outerplanar graph is 1 2 -hyperbolic if and only if either it is isomorphic to C 5 or it is chordal and does not contain a forbidden subgraph. We give a detailed characterization of 1 2 -hyperbolic Helly graphs, as well as a characterization of any δ-hyperbolic Helly graph via three forbidden isometric subgraphs.
Preliminaries
All graphs G = (V, E) appearing here are connected, finite, unweighted, undirected, loopless and without multiple edges. The length of a path from a vertex v to a vertex u is the number of edges in the path. The distance d G (u, v) between vertices u and v is the length of a shortest path connecting u and v in G. We omit the subscript when G is known by context. For a subset
if and only if u, v ∈ A and uv ∈ E. An induced subgraph H of G is isometric if the distance between any pair of vertices in H is the same as their distance in G.
of a graph G centered at a vertex v ∈ V and with radius r is the set of all vertices with distance no more than r from v (i.e., The following lemma will be frequently used in this paper. It is true for a larger family of pseudo-modular graphs but we formulate it in the context of Helly graphs. 
Lemma 1 ([5]).
For every three vertices x, y, z of a Helly graph G there exist three shortest paths P (x, y), P (x, z), P (y, z) connecting them such that either (1) there is a common vertex v in
and edge x ′ y ′ on P (x, y) (see Fig. 2 ). Furthermore, (1) 
We are interested in hyperbolic graphs (sometimes referred to as graphs with a negative curvature). δ-Hyperbolic metric spaces have been defined by Gromov [22] in 1987 via a simple 4-point condition: for any four points u, v, w, x, the two larger of the distance sums
differ by at most 2δ ≥ 0. They play an important role in geometric group theory and in the geometry of negatively curved spaces, and have recently become of interest in several domains of computer science, including algorithms and networking. A connected graph G = (V, E) equipped with standard graph metric d G is δ-hyperbolic if the metric space (V, d G ) is δ-hyperbolic. The smallest value δ for which G is δ-hyperbolic is called the hyperbolicity of G and denoted by hb(G). Let also hb(u, v, w, x) (u, v, w, x ∈ V ) denote one half of the difference between the two larger distance sums from
The Gromov product of two vertices x, y ∈ V with respect to a third vertex z ∈ V is defined as
The focus of this paper is primarily on δ-hyperbolic Helly graphs (i.e., graphs which satisfy the Helly property as well as have δ hyperbolicity).
Using the Gromov product, we can reformulate Lemma 1. Since d(x, y) = (x|z) y + (z|y) x , it is easy to check that for any three vertices x, y, z of an arbitrary graph, either all products (y|z) x , (y|x) z , (x|z) y are integers or all are half-integers. 
Lemma 2. For every three vertices x, y, z of a Helly graph G there exist three shortest paths
P (z, y), P (x, z), P (x, y) connecting them such that either (1) there is a common vertex v in P (z, y)∩ P (x, z) ∩ P (x, y) or (2) there is a triangle △(x ′ , y ′ , z ′ ) in G with edge z ′ y ′ on P (z, y), edge x ′ z ′ on P (x, z) and edge x ′ y ′ on P (x, y) (see Fig.
2). Furthermore, (1) is true if and only if (x|y) z is an integer and (x|y) z = d(z, v), and (2) is true if and only if (x|y) z is a half-integer and ⌊(x|y)
, guarantee the existence of a vertex y ′ which is adjacent to z ′ , x ′ and at distance ⌊α y ⌋ from y. The converse follows from Lemma 1 for p = ⌊α x ⌋, q = ⌊α y ⌋ and k = ⌊α z ⌋.
⊓ ⊔
The set S k (x, y) = {z ∈ I(x, y) : d(z, x) = k} is called a slice of the interval from x to y. The diameter of a slice S k (x, y) is the maximum distance in G between any two vertices of S k (x, y). An interval I(x, y) is said to be τ -thin if diameters of all slices S k (x, y), k ∈ N , of it are at most τ . A graph G is said to have τ -thin intervals if all intervals of G are τ -thin. The smallest τ for which all intervals of G are τ -thin is called the interval thinness of G and denoted by τ (G). That is,
The following lemma is a folklore and easy to show using the definition of hyperbolicity.
Proof. Consider any interval I(x, y) in G and arbitrary two vertices u, v ∈ S k (x, y). Consider the three distance sums
for any two vertices from the same slice of G, i.e., 2hb(G) ≥ τ (G).
Thinness of intervals governs the hyperbolicity of a Helly graph
We focus now on demonstrating that the converse of Lemma 3 for Helly graphs is also true, up to some small fraction. Note that, for general graphs G, the values of τ (G) and 2hb(G) can be very far from each other. Consider an odd cycle with 4k + 1 vertices; each pair of vertices has a unique shortest path, so no two vertices are in the same slice. Thus τ (G) = 0 and 2hb(G) = 2k. We say that a graph 
Lemma 4. For every Helly graph
. Based on Lemma 1, there are three cases, up-to symmetry, to consider. 
This situation is shown on Fig. 3 . It is unknown if x and y are on the same slice of I(a, c) or not, so we consider vertices y ′ ∈ P b (a, c) and 3 ). Vertices x, x ′ lie on the same slice of I(a, c), as do y, y ′ . Given that intervals of G are τ -thin, we
Case 2. For vertices a, b, c there are three shortest paths P (a, b), P (b, c), P b (a, c) and a triangle
This situation is shown on Fig. 4 . Since intervals of G are τ -thin, we get 2δ 
Case 3. For vertices a, b, c there are three shortest paths P (a, b), P (b, c), P b (a, c) and a triangle 2 ) then, using notations from Fig. 6 
and τ is even (see Fig. 7 )
These disks pairwise intersect. Hence, there must exist a vertex a * at distance p − k from a and at distance k from both a ′ and a ′′ . Similarly, there is a vertex c * in G at distance q − k from c and at distance k from both c ′ and c ′′ . These vertices a * and c * belong to slice
On the other hand,
Thus, when τ is even, δ must be equal to τ 2 . Assume now that δ = τ +1 2 and τ is odd. Let τ = 2k + 1.
′′ ) = p, by Lemma 1, there must exist three shortest paths P (a, a ′ ), P (a, a ′′ ), P (a ′ , a ′′ ) and a triangle △(x, y, z) in G with edge xy on P (a, a ′ ), edge xz on P (a, a ′′ ) and edge zy on P (a ′ , a ′′ ) (note that P (a, a ′ ), P (a, a ′′ ), P (a ′ , a ′′ ) cannot have a common vertex because of distance requirements). Similarly, there must exist three shortest paths P (c, c ′ ), P (c, c ′′ ), P (c ′
′ }-distance-preserving subgraph isomorphic to the one depicted on Fig. 8(c) with k = l.
To complete the proof, it is enough to verify that if τ (G) is odd and there exists in G an {a, b, c, d}-distance-preserving subgraph depicted on Fig. 8(c) with
.
⊓ ⊔
The following lemmas prove that the three {a, b, c, d}-distance preserving subgraphs shown in Fig. 8 
is an isometric subgraph of a King-grid ( Fig. 9 gives small examples for k = l = 2). We will show in Section 4 that any Helly graph G with hb(G) = δ has an isometric H
, where k is a function of δ. These isometric subgraphs will be equally important as forbidden subgraphs for hb(G) ≤ δ in Section 4. We provide the hellification of all three graphs here for completeness, however, the remainder of this section will use only the graph in Fig. 8(c) and its hellification H Fig. 8(a) , then G has an isometric subgraph H k,l 1 with a, b, c, d as corner points (see Fig. 9(a) ). u 1 , u 2 , . . . , u l = c) be two shortest paths connecting the appropriate vertices. Consider disks D (v 1 , 1), D(u 1 , 1 Fig. 10 for an illustration). Lemma 6. If a Helly graph G has an {a, b, c, d}-distance preserving subgraph depicted on Fig. 8(b) , then G has an isometric subgraph H k,l 2 with a, b, c, d as corner points (see Fig. 9(b) ). △(a, a b , a d ) and △(c, c b , c d Consider disks D(a b , k), D(c b , l), and D(d, 1) in G. These disks pairwise intersect. Hence, by the Helly property, there is a vertex d ′ which is adjacent to d and at distance k from a b and at distance l from c b . For vertices a b , b, c 
Lemma 5. If a Helly graph G has an {a, b, c, d}-distance preserving subgraph depicted on

Proof. Let a, b, c, d be four vertices of a Helly graph
G such that d G (a, c) = d G (b, d) = k + l and d G (a, b) = d G (c, d) = l and d G (b, c) = d G (d, a) = k. Let P (d, a) = (d, v 1 , v 2 , . . . , v k = a), P (d, c) = (d,a ′ , b, c ′ , d ′ we have d G (a ′ , c ′ ) = d G (b, d ′ ) = l + k − 2 and d G (a ′ , b) = d G (c ′ , d ′ ) = l − 1 and d G (b, c ′ ) = d G (d ′ , a ′ ) = k − 1.Let P (d ′ , a ′ ) = (d ′ = v ′ 1 , v ′ 2 , . . . , v ′ k = a ′ )
Proof. Let a, b, c, d be vertices of a Helly graph G, with
′ as corner points (see Fig. 11 ). ′ ). Similarly, the addition along the path
2 is a {a, b, c, d}-distance preserving subgraph of G. We know from Lemma 5 that
2 is an isometric subgraph of G. We know also that every pair x, y ∈ H Fig. 8(c) , then G has an isometric subgraph H k,l 3 with a, b, c, d as corner points (see Fig. 9(c) ). Fig. 12(a) 
Proof. Let a, b, c, d be vertices of a Helly graph
′ as corner points (see Fig. 12(b) ).
which forms a triangle with v Combining Lemma 3, Lemma 4 and Lemma 7, we conclude with a tight bound on hyperbolicity with respect to interval thinness in Helly graphs, as well as with a characterization of the case in which the hyperbolicity of a Helly graph realizes the upper bound. 4 Three isometric subgraphs of the King-grid are the only obstructions to a small hyperbolicity in Helly graphs
Theorem 2. For every Helly graph G,
In this section, we will identify three isometric subgraphs of the King-grid that are responsible for the hyperbolicity of a Helly graph G. These are named H
, and are shown in Fig. 9 . We may assume that hb(G) > 0 as the structure of any graph with hyperbolicity 0 is well-known; they are exactly the block graphs, i.e., graphs where each biconnected component is a complete graph [22] .
The following lemma shows the existence of one of the three isometric subgraphs in a Helly graph G with hb(G) = k > 0. Let τ (G) = 2k be even (thus k is an integer). Clearly α ≥ k and β ≥ k, otherwise d(z, t) < 2k. By Lemma 2, there is a vertex 
with {x ′ , z, y ′ , t} as corner points.
⊓ ⊔
Using the previous lemma, we can now characterize Helly graphs G with hb(G) ≤ δ based on three forbidden isometric subgraphs. Whether δ is an integer or a half-integer determines which of the H To give a few equivalent characterizations of 1 2 -hyperbolic Helly graphs, we will need one more lemma. Let C 4 denote an induced cycle on four vertices. We say that a graph G is C 4 -free if it does not contain C 4 as an induced subgraph. The graph H 0 3 is also known in the literature as the 4-sun S 4 .
Lemma 9 ([18]). For any C 4 -free Helly graph
Coudert and Ducoffe prove in [16] that a graph is . If now d(t, z) = k + 2 then, by Lemma 2 applied to y, z, t, there exist shortest paths P (z, y) and P (z, t) such that the neighbors of z on those paths are adjacent. Let z ′ be the neighbor of z on P (z, y). By Lemma 2 applied to x, z, t, there is a triangle △(t x , t, t z ) such that t x is the neighbor of t on a shortest (x, t)-path, and t z is the neighbor of t on a shortest (z, t)-path. Similarly, by Lemma 2 applied to x, z, y, there is a triangle △(y x , y, y z ) such that y x is the neighbor of y on a shortest (x, y)-path, and y z is the neighbor of y on a shortest (z, y) path. From the distance requirements, 2k + 1 ≤ d(t x , y x ) ≤ 2k + 2 and 2k + 1 ≤ d(t z , y z ) ≤ 2k + 2 (recall that d(x, z) = d(y, t) = 2k + 3).
If d(t x , y x ) = 2k + 2 then, by Lemma 2 applied to y x , z, t x , there exists a vertex z ′ adjacent to z such that d(z ′ , y x ) = d(z ′ , t x ) = k + 1. Necessarily, d(x, z ′ ) = 2k + 2 as d(x, z) = 2k + 3. Now, d(x, y x ) = d(x, t x ) = d(z ′ , y x ) = d(z ′ , t x ) = k + 1 and d(y x , t x ) = d(x, z ′ ) = 2k + 2, and we can apply Lemma 5 and get in G an isometric H k+1 1 with x, y x , z ′ , t x as corner points. Thus, we may assume that d(t x , y x ) = 2k + 1. Similarly, we may assume that d(t z , y z ) = 2k + 1.
By Lemma 2 applied to t x , x, y x , there exist shortest paths P (y x , x) and P (t x , x) such that the neighbors of x on those paths are adjacent. By Lemma 2 applied to y z , z, t z , there exist shortest paths P (y z , z) and P (t z , z) such that the neighbors of z on those paths are adjacent. Thus, we have constructed an {x, y, z, t}-distance preserving subgraph depicted on Fig. 8(c) . Hence, by Lemma 7, G has an isometric subgraph H 
